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Abstract
We give a complete list of a class of three-generation models in E8 × E8 heterotic string theory
and its dual F-theory on an elliptic Calabi-Yau over a (generalized) Hirzebruch variety in which
the divisors of the relevant line bundles needed for a smooth Weierstrass model are effective. The
most stringent constraint on the bound of the eta class comes from the effectiveness of the divisor
of the bundle corresponding to the highest Casimir in Looijenga’s weighted projective space, as
well as from the compactness of the toric variety. Comparison is also made with the list obtained
in the literature.
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The origin of three generations of flavors in particle physics is an enigma. There has
been no evidence found for the fourth new generation at the LHC experiment (see e.g.[1]),
and the results of PLANCK has shown that the CMB data is consistent with the effective
number of neutrinos derived by assuming three neutrino flavors (see e.g.[2]).
Although so far none of the string compactifications can explain why there are three
generations in nature, F-theory/E8 × E8 heterotic models have the following advantages
over other string (in particular D-brane) models: (1) They naturally lead to SU(5) GUT
models which beautifully explain the observed hypercharge assignments, which are otherwise
difficult to explain. (2) They can realize the spinor representation of SO(10), which can
contain all the quarks and leptons in one generation as a complete multiplet. (3) They can
give up-type Yukawa couplings, which would be perturbatively forbidden in D-brane models.
(For a rather recent accumulation of literature on F-theory models, see the seminal papers
[3–6] and their citations.)
In the standard heterotic string compactification to four dimensions with a hermitian
vector bundle V [7], the number of chiral generation is given by, assuming c1(V ) = 0, a half
the third Chern class 1
2
c3(V ). Some time ago, it was found [8] that this was given, for a
vector bundle characterized by the η class (the first Chern class of the twisting line bundle,
corresponding to the number of instantons) and the γ class (the kernel of the projection
from the spectral cover to the base which leads to some ambiguity of the vector bundle,
corresponding to the G-flux in F-theory), as
1
2
c3(V ) = λη(η − nc1) (1)
for an SU(n) bundle, where λ is a half-integral number related to the γ class, and c1 is the
first Chern class of the base.
In [8], a list of η classes leading to precisely three generations was also given, for n = 5, 4
and 3 corresponding to the SU(5), SO(10) and E6 gauge group, respectively, for the base
being a Hirzebruch surface or a del Pezzo surface. (See also [11], where the lower bound of
the η class was also mentioned.) Not all the divisors in the list, however, turn out to be not
usable, since the relevant divisors are not effective and holomorphic sections do not exist.
In this letter, we will solve the equation (1) in an elementary way for the case of the
base being a Hirzebruch surface, for which the dual F-theory Calabi-Yau becomes an elliptic
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fibration over a generalized Hirzebruch variety1, to give a complete list of three-generation
models with relevant effective divisors in this class of compactifications.
Of course, three-generation models in string theory are not rare, 2 nor does our result
explain the mystery of the number of generations of quarks and leptons. We are, however,
interested in these models because they are simple, and still infinitely many, so that they may
serve as useful models to study some fundamental questions in F-theory model buildings,
such as the multiple singularity enhancement and associated family unification [15, 16], com-
putations of Yukawa couplings and nonperturbative superpotentials, mechanisms of moduli
stabilization and supersymmetry breaking, etc. We plan to explore these issues elsewhere.
The Hirzebruch surface Fm (m = 0, 1, 2, . . .) is a complex-dimension two manifold with
coordinates (z′, w′, z, w) ∈ C4 with the identifications of points
(z′, w′, z, w) ∼ (µz′, µw′, κµmz, κw) (2)
for arbitrary κ, µ ∈ C∗ = C− {0}, where the points satisfying z = w = 0 or z′ = w′ = 0 are
removed. The weights of the identifications are summarized by the table
z′ w′ z w
µ 1 1 m 0
κ 0 0 1 1
D1 D2 D3 D4
, (3)
where we have also displayed the corresponding divisors in the bottom row. The associated
toric fan is taken to be
1 −1 0 0
0 −m 1 −1 , (4)
which is nothing but the orthogonal complement of (3) if the numbers are viewed as a
collection of row vectors. (4) implies the relations
D1 = D2,
D3 = D4 +mD2. (5)
1 See [9–11] for earlier works on F-theory on elliptic fourfolds over toric varieties.
2 The literature on the construction of three-generation models is vast; a few of the notable papers include
[12–14].
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Writing D1 = D2 = f , D4 = C0 and D3 = C∞, they are known to have intersections
C20 = −m, f
2 = 0, C0 · f = 1. (6)
The anticanonical class is
c1(Fm) = 2C0 + (2 +m)f. (7)
The generalized Hirzebruch variety Fmqp (m, q, p = 0, 1, 2, . . .) we consider is a complex-
dimension three manifold with coordinates (z′′, w′′, z′, w′, z, w) ∈ C6, which are similarly
subject to the identifications
(z′′, w′′, z′, w′, z, w) ∼ (νz′′, νw′′, µνmz′, µw′, κµqνpz, κw) (8)
for arbitrary κ, µ, ν ∈ C∗, with the points satisfying z = w = 0 or z′ = w′ = 0 or z′′ = w′′ = 0
being all removed. The weights and divisors are
z′′ w′′ z′ w′ z w
ν 1 1 m 0 p 0
µ 0 0 1 1 q 0
κ 0 0 0 0 1 1
D1 D2 D3 D4 D5 D6
. (9)
The corresponding fan
1 −1 0 0 0 0
0 −m 1 −1 0 0
0 −p 0 −q 1 −1
(10)
also implies the relations
D1 = D2,
D3 = D4 +mD2,
D5 = D6 + pD2 + qD4, (11)
so that the anticanonical class is (D2 = f , D4 = C0)
c1(Fmqp) = (2 + q)C0 + (2 +m+ p)f + 2D6
= c1(Fm) + (qC0 + pf) + 2D6. (12)
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The “base part” of (12) differs from c1(Fm) by qC0 + pf so that an elliptic fibration over
Fmqp can be used [11] for a dual description of the heterotic compactification on the elliptic
fibration over Fm whose the vector bundle is (partly) characterized by the class η = 6c1(Fm)+
qC0 + pf of the twisting line bundle [7].
Let us now solve (1). Putting
η = xC0 + yf (x, y ∈ Z), (13)
(1) is equivalent to the equation
(
x y
) −m 1
1 0



 x− 2n
y − (2 +m)n

 = 3
λ
, (14)
which can be solved for y as
y =
m
2
x+ n+
n2 + 3
2λ
x− n
. (15)
λ is taken to be ±1
2
or ±3
2
, and only for n = 4, λ = ±1,±3 is also allowed. Since y is an
integer, the right hand side of (15) must also sum up to an integer. If λ ∈ Z + 1
2
, This
implies the following:
(I) If mx ∈ 2Z, then the integer n2 + 3
2λ
must be divisible by x− n.
(II) If mx ∈ 2Z + 1, then the integer 2(n2 + 3
2λ
) must be divisible by x − n, and at the
same time the quotient must be an odd integer.
In addition, if n = 4 and λ = ±1 or ±3, then
(I’) If mx ∈ 2Z, then the integer 2(n2 + 3
2λ
) must be divisible by x − n, and at the same
time the quotient must be an even integer.
(II’) If mx ∈ 2Z + 1, then the integer 2(n2 + 3
2λ
) must be divisible by x − n, and at the
same time the quotient must be an odd integer.
Not all the solutions to the above are suitable for smooth compactifications. First of all,
both η and 12c1− η must be effective (= all the coefficients of the divisor are non-negative),
because they are the classes of the twisting line bundles of the spectral cover. The physical
interpretation of this condition is that the instanton number of one of E8 does not exceed
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24 for each K3 fiber in the heterotic string compactification. In fact, the consideration of
Looijenga’s weighted projective space bundle [7, 17] provides a more stringent constraint on
the possible η. Looijenga’s weighted projective space is known as the moduli space of the
vector bundle for the heterotic compactifications, and the section of the bundle consists of
the independent polynomials in the coefficients of the Weierstrass model in F-theory. In the
SU(5) case, they are the polynomials
hn˜+2, Hn˜+4, pn˜+6, fn˜+8 and gn˜+12 (16)
appearing in the well-known six-dimensional F-theory [18, 19] compactified on an elliptic
CY3 over a Hirzebruch surface Fn˜, where the subscripts denote the degrees of the polyno-
mials. More generally (in four dimensions), they are the sections of the line bundles
a1,0 ∈ Γ(L
−5 ⊗N ),
a2,1 ∈ Γ(L
−4 ⊗N ),
a3,2 ∈ Γ(L
−3 ⊗N ),
a4,3 ∈ Γ(L
−2 ⊗N ),
a6,5 ∈ Γ(L
−0 ⊗N ) (17)
[3, 7, 16, 17], where L is the anticanonical line bundle of the base of the heterotic threefold,
and N is the twisting line bundle for the vector bundle over this threefold. Γ denotes the
space of sections. The divisors of these bundles must be effective. The most stringent
constraint comes from a1,0 (∼ hn˜+2), which asserts that η − 5c1 must be effective. Thus we
have
10 ≤ x ≤ 24, 10 + 5m ≤ y ≤ 24 + 12m. (18)
For SO(10), the section a1,0 (∼ hn˜+2) becomes zero, but instead a2,1 (∼ Hn˜+4) must exist.
Therefore η − 4c1 must be effective. Similarly, a2,1 becomes zero for E6, and then for a3,2
(∼ pn˜+6) to exist η − 3c1 must be effective. Thus, in general
2n ≤ x ≤ 24, (2 +m)n ≤ y ≤ 24 + 12m (19)
for n = 5, 4, 3.
Before displaying the list of the solutions, a remark is in order about the compactness of
the generalized Hirzebruch variety defined by the weights (9): We can assume m ≥ 0 without
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loss of generality since, if m < 0, we can consider the new scaling νµ−m and interchange the
roles of z′ and w′. Similarly, if both of (q, p) = (x− 12, y− 6m− 12) happen to be negative,
we can consider the scalings νκ−p and µκ−q replace z with w and vice versa; this corresponds
to consider the unbroken gauge group residing “at infinity” of the P1 fiber. If, however, only
one of (q, p) happens to be negative, there is no way to define such a new scaling and the
variety would become noncompact. Therefore we restrict ourselves to the solutions such that
both of (q, p) = (x−12, y−6m−12) are non-negative, or both of (q, p) = (x−12, y−6m−12)
are non-positive.
The complete list of the solutions satisfying the condition (I) or (II) or (I’) or (II’) in
the range (19), and satisfying the condition in the remark above, is as follows:
SU(5) models (n = 5)
• λ = 1
2
(x, y) = (12, 6m+ 9) (m ∈ Z, m ≥ 1),
(19,
19
2
m+ 7) (m ∈ 2Z, m ≥ 2),
(13,
13
2
m+
17
2
) (m ∈ 2Z+ 1, m ≥ 7).
• λ = −1
2
(x, y) = (16, 8m+ 7) (m ∈ Z, m ≥ 3).
• λ = 3
2
(x, y) = (18, 9m+ 7) (m ∈ Z, m ≥ 2).
• λ = −3
2
(x, y) = (11,
11
2
m+ 9) (m ∈ 2Z, m ≥ 2),
(13,
13
2
m+ 8) (m ∈ 2Z, m ≥ 8),
(17,
17
2
m+ 7) (m ∈ 2Z, m ≥ 2),
(21,
21
2
m+
13
2
) (m ∈ 2Z+ 1, m ≥ 3).
SO(10) models (n = 4)
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• λ = 1
2
(x, y) = (23,
23
2
m+ 5) (m ∈ 2Z, m ≥ 2).
• λ = −1
2
(x, y) = (17,
17
2
m+ 5) (m ∈ 2Z, m ≥ 4).
• λ = 3
2
(x, y) = (21,
21
2
m+ 5) (m ∈ 2Z, m ≥ 2).
• λ = −3
2
(x, y) = (9,
9
2
m+ 7) (m ∈ 2Z, m ≥ 2),
(19,
19
2
m+ 5) (m ∈ 2Z, m ≥ 2).
• λ = 1
(x, y) = (9,
9
2
m+
15
2
) (m ∈ 2Z+ 1, m ≥ 1),
(11,
11
2
m+
13
2
) (m ∈ 2Z+ 1, m ≥ 1),
• λ = 3
(x, y) = (15,
15
2
m+
11
2
) (m ∈ 2Z+ 1, m ≥ 5),
• λ = −1,−3
No solution.
E6 models (n = 3)
• λ = 1
2
(x, y) = (6, 3m+ 7) (m ∈ Z, m ≥ 0),
(7,
7
2
m+ 6) (m ∈ 2Z, m ≥ 0),
(9,
9
2
m+ 5) (m ∈ 2Z, m ≥ 2),
(15,
15
2
m+ 4) (m ∈ 2Z, m ≥ 6),
(11,
11
2
m+
9
2
) (m ∈ 2Z+ 1, m ≥ 1).
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• λ = −1
2
(x, y) = (9,
9
2
m+ 4) (m ∈ 2Z, m ≥ 2),
(7,
7
2
m+
9
2
) (m ∈ 2Z+ 1, m ≥ 3),
(15,
15
2
m+
7
2
) (m ∈ 2Z+ 1, m ≥ 7).
• λ = 3
2
(x, y) = (8, 4m+ 5) (m ∈ Z, m ≥ 1),
(13,
13
2
m+ 4) (m ∈ 2Z, m ≥ 16),
(7,
7
2
m+
11
2
) (m ∈ 2Z+ 1, m ≥ 1),
(23,
23
2
m+
7
2
) (m ∈ 2Z+ 1, m ≥ 3).
• λ = −3
2
(x, y) = (7,
7
2
m+ 5) (m ∈ 2Z, m ≥ 2),
(11,
11
2
m+ 4) (m ∈ 2Z, m ≥ 2),
(19,
19
2
m+
7
2
) (m ∈ 2Z+ 1, m ≥ 3).
One can verify that all the solutions listed above give precisely three generations while
satisfying the condition (19). This is the main result of this letter.
In most cases, m = 0 is not allowed. The rare exceptions are the first two solutions for
E6 with λ =
1
2
.
We should note that the equation (1) has an obvious symmetry η → η˜ = nc1 − η, so if
some η satisfies (1), so does η˜, but this η˜ may or may not be a suitable divisor for which
all the relevant divisors are effective. The F2k+1 solution η = (−3,−3k) for SU(5) in ref.[8]
has η˜ = (13, 13k + 15), which coincides with our solution (13, 13
2
m + 17
2
) with m = 2k + 1.
Unlike our solution, however, neither (−3,−3k) nor (−3,−3k) − 5c1 is effective. The F2k
solution η = (3, 3(k − 2)) for SU(5) in ref.[8], or its η˜, is not contained in the above list
because neither η − 5c1 nor η˜ − 5c1 is effective. Also, the SO(10) or E6 solutions found in
[8] or their η˜ do not coincide with any of our solutions since their relevant divisors are not
effective, either. The “closest” is η = (0, 1) for E6 (λ = −
1
2
) which has η˜ = (6, 3m+ 5) with
a marginal value for x (= 6), but y = 3m+ 5 is outside the range (19).
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To summarize, we have shown a complete list of η classes leading to precisely three-
generations in E8 × E8 heterotic string theory on an elliptic Calabi-Yau over a Hirzebruch
surface and its dual F-theory on an elliptic Calabi-Yau over a generalized Hirzebruch variety,
where the divisors of the relevant line bundles needed for a smooth Weierstrass model are all
effective. We hope they will be used as a concrete simple model to investigate fundamental
questions in F-theory as we mentioned in the beginning of this letter.
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